This is the second of two articles, the rst of which contains a proposed explanation of quantum theory based upon electron nonlocality and classical electrodynamics . In this second article classical eld theory is used to describe a unique eld set for exchange of radiation between an atomic eigenstate and the far eld. The radiation satis es the thermodynamic condition of reversibility as described by Boltzmann, Planck, and Einstein. The exchanged radiation supports the kinematic properties of photons, and it can be emitted or absorbed by a vanishingly small volume.
INTRODUCTION
Although they approached the subject quite differently, both Einstein and Planck found it necessary to reject classical electromagnetism as a means of describing photon exchanges. In his 1919 Nobel Prize award address, Planck, 1 while summarizing his work of two decades earlier, stated that he planned to use classical electrodynamics to explain the energy exchanges associated with black-body radiation, but Boltzmann then explained that thermodynamics requires reversibility between the emission and absorption processes. Planck, less than a decade after Hertz made the rst pair of transmitting and receiving dipoles, 2 also stated that since emitted radiation travels outward with rotational symmetry, and since he could not imagine absorption in that manner, he discarded classical electrodynamics. Einstein 31 4 argued that an atom absorbs energy and momentum from a plane wave in a ratio equal to the wave energy-to-momentum ratio of c. The same atom, however, acting as an emitter, ejects waves that extract energy from the source, but not momentum. He concluded that this difference "makes a quantum theory of radiation almost unavoidable." On the basis of these comments, we conclude that the best information available in the early twentieth century was that photon exchanges are incompatible with classical electrodynamics. This conclusion and the electron model used at the time were a dominant in uence in the rejection of classical electrodynamics within atoms by nearly all concerned. It is still generally accepted that photon energy exchanges are purely quantum mechanical phenomena that cannot be described by classical equations alone.
We believe that although quantum theory plays a dominant role in all atomic phenomena, the role supplements that of classical electrodynamics; the relationship is similar to that between classical mechanics and electrodynamics when dealing with macroscopically sized, charged objects. The absorbed energy-to-momentum ratio is equal to the wave energy-to-momentum ratio only if the object is much larger than a wavelength and totally absorbing. Yet optical wavelengths are typically 5000 times greater than atomic diameters. Particularly germane to the relationship between thermodynamics and classical electrodynamics is modern knowledge of possible eld directivity. Electrically small three-dimensional objects can emit highly directive radiation, whereas one-dimensional objects cannot. Although there were hints as early as 1908, 5 the full derivation became available long after opinions about atomic radiation were formed. In 1960 Harrington 6 showed that vanishingly small, collocated, multipolar sources can produce highly directive radiation, radiation for which emission or absorption of energy transfers a net momentum to its source or sink. Yet prior to our earlier work 7 this result had not been factored into photon analyses.
In addition to the reversibility requirement, measurements show that photons carry a xed energy-to-angular momentum ratio. Let W 1 p z , and l z represent, respectively, the energy, linear momentum, and angular momentum carried by a photon. 81 9 The measured radiation ratios are, at least very nearly
Is it possible that classical electromagnetic theory could predict these ratios? An important aspect of the question is whether the dominant character of photons is transient or steady state. Steady-state phenomena are describable by xed frequencies and transient phenomena are not.
Since measurements show that photons are characterized by speci c frequencies, they are predominantly steadystate phenomena and hence are describable by a multipolar electromagnetic eld expansion. 71 101 11 To completely describe a steady-state eld it is only necessary to evaluate the constant coef cient multiplying each of an innite number of terms in the expansion. We con ne our discussion to a formal electromagnetic description of the steady-state (i.e., nontransient) portion of photons.
In this paper we begin with a general multipolar expansion for steady-state electromagnetic elds and use the kinematic properties of photons as boundary conditions that permit evaluation of the multiplying eld coefcients. The result is a wave for which the exchanged energy-to-linear momentum ratio is c and the energyto-angular momentum ratio is -, reversibly for emission and absorption. Therefore, without question, classical electromagnetism is capable of describing such radiation exchanges between the elds and an electrically small source. This paper shows how; it requires an electron to respond to an applied eld by supporting resonant, largemagnitude, high-order moments, the possible origin of which is detailed.
The constraints inherent in Eq. (1) can be restated from a classical eld perspective in the following way. With absorption, an incoming plane wave impinging on a linearly responding object suffers an extinction, (i.e., absorbed plus scattered) energy loss. 12 Since the extinction energy-to-momentum ratio is c, it is absorbed from a wave with W =p D c. Some of the extinction energy is scattered, removing energy, W , from the object and leaving it with excess momentum. Therefore the net change in the energy-to-momentum ratio of the absorber is W =p µ c. Equality is possible only if there is no scattering. With emission, although the momentum change of an emitter of a perfectly aligned beam satis es W =p D c, perfect alignment becomes possible only as the object sizeto-wavelength ratio increases without limit. We are faced with the following con icting facts: electrons, at least when not transitioning between states, are much smaller than an optical wavelength, linearly responding objects scatter incoming waves, and the reversibility characteristic of thermodynamic equilibrium requires equal W =p ratios for absorption and emission.
The ratios of Eq. (1) are a derivable result of classical theory, but if and only if the radiation elds, generated during electron changes of state, are produced by nonlinear and regenerative processes as detailed here. Combining classical electromagnetism with general properties of regenerative systems forms a base upon which all necessary conditions for photon exchange are met.
MULTIPOLAR DESCRIPTION OF STEADY-STATE ELECTROMAGNETIC FIELDS
A theorem of vector calculus is that a eld is speci ed to within a constant value by its divergence and its curl and hence may be used 101 111 13 to construct a general multipolar expansion for a steady-state eld in a source-free region. We use this technique. Using spherical coordinates with time dependence exp4i-t5, azimuth angle dependence exp4ƒjm"5 (double notation with both i and j equal to the square root of ƒ1 allows convenient separation of time and azimuth angle dependence), radian frequency -, speed of light c, wave number k D -=c, radial coordinate r , and ' D kr , the applicable scalar functions are 
F 4`1 m5 and G4`1 m5 are constant coef cients, z`4'5 represents any linear combination of spherical Bessel and Neumann functions, and P m 4cosˆ5 represents associated Legendre polynomials. In these terms, the TM and TE portions of the elds are, respectively, ‡ e
A tilde over a vector indicates that it is a phasor. Since in free space both elds have zero divergence, the curl speci es the elds, and therefore solution of Eq. (3) gives the complete set of transverse eld vectors H 1 and E 2 .
Operating on them with the Maxwell curl equations gives the remaining elds, H 2 and E 1 . The complete, total elds are the sums E 1 CE 2 and H 1 CH 2 . To describe a particular eld it is necessary to sum over all possible solutions and use boundary conditions to determine the constant multiplying coef cients.
A valid solution in all space for which r ¶ a, where a is the radius of a virtual sphere circumscribing an electromagnetically active region, requires that both modal orders and degrees be integer valued, including zero, and that the degree never be greater than the order. Spherical Bessel functions, j`4' 5, and spherical Neumann functions, y`4' 5, of integer order form the radial portions of solutions and are respectively nonsingular and singular at the origin. A commonly occurring function auxiliary to spherical Bessel and Neumann functions is, (see Schelkunoff 14 for example)
Only the following eld set meets these conditions: 
For later convenience, constant coef cients F 4`1 m5 and G4`1 m5 are chosen to be real, and the multiplying phase factor i ƒ`i s introduced. Actual elds follow from phasor elds with discarding of the imaginary parts. By the uniqueness theorem for electromagnetic elds, 101 111 15 any eld that obeys Eq. (5) and has the correct values on all boundaries is unique. For a radiating atom, correct eld values on circumscribing virtual spheres at radius a and at in nity ensure that the elds between the two boundaries are unique. Although problem solutions obtained with different mathematical techniques may appear quite different, if they satisfy Eq. (5) and are correct at radii a andˆ, the results are identical.
HIGHLY DIRECTED FIELDS FROM SPHERICAL SOURCES
As noted in the Introduction, both Planck and Einstein found it impossible to analytically reconcile photon directivity with that required by thermodynamic analyses. In 1960 Harrington 6 reported the maximum gain possible from collocated sources. To examine possible gain, consider rst an x-directed electric dipole radiator. Maximum eld values occur in the yz plane, where the electric eld intensity is ƒx-directed and the magnetic eld intensities on the positive and negative z axes are, respectively, ƒy-and Cy-directed. Next collocate a y-directed magnetic dipole radiator with eld coef cients G411 15 D ƒF 411 15. Maximum eld intensity occurs in the xz plane, where the electric eld intensities on the positive and negative z axes are, respectively, ƒx-and Cx-directed and the magnetic eld intensity is ƒy-directed. The total elds from the two sources are double the individual ones on the Cz axis and zero on the ƒz axis. The maximum value of the radial Poynting vector component N r 4ˆ1 "5 occurs atˆD 0. Similarly for any modal order of degree m D 1 and coef cients G4`1 15 D ƒF 4`1 15, maximum and null values occur, respectively, on the Cz-and ƒz-axes. If all orders are driven with the needed phase, the result is a directive pattern with a power lobe on the Cz axis and a null on the ƒz axis.
Gain is a modern, quantitative measure of the directivity of a radiation pattern. 6 On a virtual sphere circumscribing a source, by de nition gain is the product of surface area times the 8maximum power density 6N r 7 max 9-to-8average surface power P av 9 ratio:
To calculate the maximum possible gain with the elds of Eq. (5), put G4`1 15 D ƒF 4`1 15 and all other coef cients equal to zero, and use spherical Hankel functions of the second kind. Next go to the far eld by replacing the Hankel functions by their limiting values at large radius:
and Lim
The resulting equation set with F`D F 4`1 15, is
It follows that the complex Poynting vector on the surface of a limitlessly large, virtual, circumscribing sphere of radius ' is
The total time-averaged output power equals the surface integral of Eq. (9):
The largest values of the angular functions occur on the Cz axis, where
Inserting Eq. (11) into Eq. (9) gives the maximum value of the Poynting vector:
Combining Eqs. (6), (10) , and (12) shows the gain to be
Consider the important special case in which modal coefcients satisfy the following recursion relationship, where F 0 is a real constant and L is the maximum modal number present in the eld:
Combining Eqs. (13) and (14) shows the gain to be
Equation (15) con rms that equal-magnitude TM and TE modes support highly directed power, and directed power transfers a net momentum to the source. The timeaveraged output power of Eq. (12) is
Therefore, with the recursion relationship of Eq. (14) , gain, given by Eq. (15), is proportional to the output power, given by Eq. (16). 
STANDING ENERGY
Using retarded time, t R D -t ƒ ', notation in the eld equations leaves the actual eld terms:
For brevity, the dependence of the letter functions upon ' is suppressed. The right side, upper row of Eq. (20) is the energy of the radial component of the electric eld intensity, and the lower row is the energy of the angular elds. The rst and second lines have opposite parity with respect to the zenith angle.
The modal components of the Poynting vector are
The power continuity equation describes energy conservation in the eld and is
The divergence operation produces terms due to the wave character of the eld and due to energy oscillations between spatial positions. We de ne standing energy to be energy that oscillates between positions in the eld; it has no affect upon a continuous source, but returns to it if the eld magnitude is decreased or the frequency is increased. Traveling energy affects a con ned source when emitted, but not afterward, and division of the power density by c gives the outbound traveling energy density. Energy traveling away from a con ned source is well understood; we seek to nd the standing energy, that is, the energy that remains in the near eld about the radiator. Evaluating the divergence at constant retarded time eliminates terms descriptive of the wave process but leaves terms associated with standing energy. The operation, therefore, permits separation of standing from total energy densities. The needed expression is
The symbol ï R operates at constant retarded time, and w S indicates the standing energy density. After some manipulation, including taking the inde nite integral with respect to retarded time, the standing energy density is calculated to be
There are two requirements on the constant of integration K: since˜K is an energy density it can never be negative, and it must appear in the w T expression. This is the equivalent of requiring that both zenith angle parities in Eq. (24) be greater than or equal to zero everywhere. Evaluating K and entering it into Eq. (24) gives
Comparing Eqs. (20) and (25) shows that the upper rows are identical but the lower rows are not; the radial eld energy remains attached to the source but some angular eld energy does not. Subtracting w S from w T gives the energy density of the traveling wave, the eld-associated energy density w " :
Energy density w " continues outward, while the energy density w S at radius r will remain xed in position until time ãt D r =c after the source magnitude is decreased or the frequency is increased, whereupon it returns to the source. 18 The expressions for N r and w " differ by a factor of c.
A signi cant property of Eq. (26) is that it is never resonant; there are no frequencies for which the timevarying power of a TM mode is zero. It follows from duality that there are no frequencies for which the TE mode is resonant. Hence in contrast to conventional antennas that are resonant at a certain frequency (see for example Schelkunoff) , 19 the spherical surface can never be resonant unless appropriately phased equal-power TE and TM modes are both present.
FULLY DIRECTED POWER
To obtain a formal electromagnetic description of a photon traveling in the Cz direction we seek a eld set that is both described by Eq. (5) and has the correct values at both the inner and outer radii: a andˆ. By the uniqueness theorem, a eld set that meets these conditions is unique. The Poynting theorem requires the elds to be transverse to the direction of travel, and we know from measurements of photon properties that there is little or no magnitude dependence upon distance in the Cz direction and there is no energy traveling in the ƒz direction. Furthermore, electromagnetic sources require eld singularities of order`C 2; therefore such singularities are required within the source region. Auxiliary conditions are that the gain and the kinematic ratios of the elds are, respectively, those of Eqs. (15) and (1) .
Since the kinematic ratios of a circularly polarized, z-directed plane wave equal those of Eq. (1), we take the expansion for such a wave as a starting point, then modify it in a way that gives both the correct singularities at the origin and the gain of Eq. (15) .
We begin the discussion by noting that the electric and magnetic elds of a circularly polarized, z-directed plane wave may be written as
The eld magnitudes of Eq. (27) are independent of radius; for later convenience, we de ne elds of magnitude independent of radius to be teledistant. The accompanying complex Poynting vector has the constant value
The next step is to express the plane waves of Eq. (27) in the form of Eq. (5). The desired result follows from Eq. (5) with the application of the recursion relationship in Eq. (14) , putting L D 1, F 0 D 1, and j D i 71 11 :
Since Eqs. (27) and (29) describe the same eld sets and are the same at a andˆ, by the uniqueness theorem the expressions are identical.
Since photons start from a source and sources are described by singularities, it is necessary to replace the spherical Bessel functions of Eq. (29) with spherical Hankel functions of the second kind:
Substituting into Eq. (29) shows the equation set that describes a eld emitted from a source at z D 0 and, for very large radii, is a circularly polarized plane wave traveling in the Cz direction:
Since P 1 4cosˆ5 is proportional to sinˆ, it is equal to zero on the z axis, and since h`4' 5 has an`C1-order singularity at the origin, the transverse elds have an`C 2-order singularity. Both are necessary but insuf cient boundary conditions for a photon.
To verify that Eq. (30) supports the desired kinematic ratios of photons at radius a andˆ, consider properties of a source producing the elds of Eq. (30). The rates at which the following critical eld properties pass through a virtual, spherical surface of radius a circumscribing the source are as follows:°E nergy: By Poynting's theorem, the rate of energy transfer through the virtual shell is
inear Momentum: The linear momentum contained within any volume is equal to 1=c 2 times the volume integral of the Poynting vector, and the rate at which z-directed momentum exits that volume is equal to c times its surface integral:
Re6N r cosˆƒNˆsinˆ7 sinˆdˆ(32)°A ngular Momentum: The rate at which z-directed angular momentum exits a closed volume is equal to the product of the surface integral of 4' =-5 sinˆand the "-directed component of the Poynting vector:
Solving for the complex Poynting vector with the use of the elds of Eq. (30) gives
Combining the above, using integrals from the theory of associated Legendre polynomials, and terminating all series at the upper limit`D L gives 7 :
For values of ka much greater than 1 the sums simplify to
From Eq. (40), the kinematic ratios are dW =dt dp z =dt
Although Eqs. (41) are for time derivatives, taking the time integral repeats Eq. (1) in the limit as L becomes large.
Since photons have well-de ned frequencies, the steady-state portion of the elds dominates over the transient portion and there is little discrepancy between the elds of Eq. (30) and photon elds. Therefore, the question is not whether radiation with the kinematic properties of photons may be expressed using classical theory; it can. Rather, the question is whether it is reasonable to expect nature to produce the set of modal coef cients necessary to support Eq. (30).
CHARACTERISTICS OF PHOTON FIELDS
A detailed characterization of the near eld of a radiation source is necessary to determine whether Eqs. (30) are physically feasible. Near elds determine the required source mechanisms that, in turn, support judgments about source structures. To begin an analysis of near elds, consider rst the full set of dipole elds. Keeping the real part of Eqs. (30) with`D 1 and evaluating the letter functions gives the dipole elds:
The four dipoles of Table I generate these elds, two each for TM and TE. The sources are spatially and temporally orthogonal electric and magnetic dipoles, and all four generate the same power. Under these conditions, the surface power on a circumscribing sphere is constant; the radial component of the Poynting vector contains no time-dependent terms, and the system is, in this sense, resonant. Extending to higher order, for each modal order there are two each spatially and temporally orthogonal electric and magnetic multipoles generating equal-magnitude TM and TE elds. Writing S`D P 1 4cosˆ5= sinˆand T`D dP 1 4cosˆ5=dˆthe electromagnetic parameters for each mode are listed in Table II ; they show that, in all cases, W S is zero: no net energy leaves 
The ratio of magnetic-to-electri c dipole moments is c. 
the traveling wave in its journey from the radiating surface to in nity. We conclude from this that radiated energy does not return to the source after the emission process is complete.
Of great signi cance are the electromagnetic pressure, and its effects, on a virtual sphere generating the dipole elds of Eq. (42). After writing 42t5 as shorthand for 24-t R ƒ "5, the electric and magnetic eld tensor portions of T rr , considered separately, are
By the Lorentz force equation the electric eld acts on electric charge densities and the magnetic eld acts on current densities. Therefore turbulence is expected if the surface consists of electric and magnetic charge densities. The total radial component of the electromagnetic stress tensor is the sum of Eqs. (43):
This equation shows that the pressure on a rigid surface is not time dependent. Figure 1 shows the radiation reaction pressure on spheres of radii ka D 5, 1, and 0.1, if all elds at smaller radii are equal to zero. Negative values are compressive and positive values are expansive. Pressure magnitude increases rapidly with decreasing radius. At large radius, ka D 5, the pressure is inward and the upper hemisphere values dominate. The effect is due to the radiation reaction push from radiation exiting in the Cz direction. At smaller radii other, much larger pressures mask the overall push. At medium and near distances, ka D 1 and ka D 001, pressure is expansive atˆD =2 and compressive on the z axis and acts to rend a pliant, radiating sphere into a disc.
Extending this analysis to modes of arbitrary order is done by requiring all coef cients to satisfy the relationships F 4`1 15 D 11 G4`1 15 D ƒ1 with all other coef cients equal to zero, and j D i. The stress tensor component T rr is shown in Eq. (45). The rst term is zero on the z axis; it is greatest for even values of`and zero for odd values in the xy plane. The rst two terms are even functions of cosˆ, and the last term is odd. For ka values greater than 5 the curve shape remains the same while T rr values continue to decrease.
Evaluation of the letter functions of Eq. (45) shows that in the limit of small radii the rst two terms are proportional to 4ka5 ƒ42`C 25 . Therefore for ka much less than 1 the surface pressure of an empty, radiating sphere is positive and proportional to 4ka5 ƒ42`C 25 . Although this approach permits analysis of eld effects on a mode-by-mode basis, the complexity of the functional forms increases so rapidly with increasing modal number that results for modal numbers in excess of about 30 are not particularly helpful. We therefore seek to reexpress the elds in a way more amenable to analysis, a way somewhat akin to that of Eq. (27). For this purpose we note the teledistant relationship between spherical Bessel and Hankel functions:
Conducting the operation of Eq. (46) on Eq. (27) gives
The complex Poynting vector follows from Eq. (47) and is
This is the tele eld form of an emitted photon; it describes energy that travels in the Cz direction away from a source at z D 0. The radiation pattern is shown in Figure 2 . The gure is similar to conventional radiation patterns in that power density at a particular angle is proportional to distance from the origin to a position on the pattern. Unlike other patterns, all emitted energy ows in the direction of the pattern maximum, and the power density is independent of radius. The result is fully directed, z-oriented power with a magnitude independent of the distance from the source.
We seek accurate knowledge of the total eld. Although we have the elds of Eq. (30), the sums are too complex to directly provide understandable answers. In an attempt to nd them, it is helpful to de ne a total of ten different sums: six sums S n1 and S n2 , with n D 1, 2, and 3, respectively, are over spherical Bessel and Neumann functions, and four sums $ n1 and $ n2 are over the auxiliary functions, with n D 2 and 3:
The identity between Eqs. (27) and (29) 
AXIAL SUMS
The sums of 
A circum ex indicates that only the tele eld values are exact. Table IV for spherical Bessel functions.
Values of coef cients A n , B n , and C n are given in the Appendices. Remainders are a fraction of the highest numbered modal term only.
Values correct for powers of ' from -1 through plus in nity are extracted from the sums and listed in Eq. (52):
The complex Poynting vectors associated with these elds are
In agreement with Eq. (48), tele eld power is entirely Cz directed; the density is four times that of the initial plane wave atˆD 0, equal to that of the initial plane wave atˆD =2, and zero atˆD . Generally speaking, a necessary but insuf cient condition for a con ned object to emit or absorb electromagnetic energy is elds in the form of an algebraic function times a traveling wave transcendental function. We are aware of two ways in which this can happen. The rst, the method used by manufactured linear antennas, is independently acting radiation modes. Regions emitting radiation of this type cannot be electrically small. The second way, the way described in preceding sections, is four matched and resonant modes per modal number: TM and TE modes of degree §1. Each set of four equalnumbered modes supplies one term in an in nite series expansion for the transcendental function exp4ƒi' cosˆ5. That is, the four modes with`D 1 combine to form the rst expansion term, the four modes with`D 2 combine to form the second expansion term, etc.
SELF-CONSISTENT FIELD ANALYSIS
Since we are unable to extend the axial eld values of Table V through all angles, we seek to reexpress Eq. (30) in a form for which such a transformation is more convenient. If the elds are continuous through all orders, and if the solution is known exactly at any point, the method of self-consistent elds may be used to calculate the eld at any other point. Our procedure uses the exact expression for the ' 0 term, the tele elds of Eq. (47), to construct expressions for terms proportional to ' ƒ1 through ' ƒ4 , with the method of self-consistent elds. 20 For this case, we use continued application of the Maxwell curl equations to the exact expressions of Eq. (47):
The electric eld intensity of Eq. (47) is substituted into the rst of Eqs. (54), which gives the rst corrected expression for the magnetic eld intensity. The corrected magnetic eld intensity is substituted into the second equation, which gives the rst corrected expression for the electric eld intensity. The rst corrected electric eld intensity is substituted into the second equation, which gives the second corrected magnetic eld intensity. Although labor intensive, the iterative process may be continued as many times as desired to obtain a satisfactory solution. If the starting equation is exact at a given radius, with each iteration the extended solution extends to smaller radii. On the other hand, if the starting elds are inexact, only those symmetries exist in the nal elds and errors quickly accumulate. Applying the technique to the portion of Eq. (47) that arises from the spherical Bessel functions simply repeats the terms; the iterations produce no additional terms. To carry out the expansion on the total eld, begin with the radial electric eld component:
After n iterations, the eld components generalize to those of Eqs. (56)- (58): 
Equations (56)-(58) are expressed as a function of the number of iterations. It is necessary to express the elds in terms of a physically meaningful quantity, and that quantity is L. For large values of n and L, the relationship may be established by comparing rst terms in the xy-plane expansion for the radial components of the electric eld. Equating Eq. (A1.10) of the Appendix with Eq. (56) gives
and
This leads to the replacement of n by L in the ratio
Other term-by-term comparisons between the L and n expressions yield a similar relationship. Therefore, for equivalent descriptions, the number of self-consistent eld iterations is one-fourth the maximum modal number of the radiation. This relationship permits us to write the full angular dependence of the elds as functions of the maximum modal number. Keeping only the leading terms of Eqs. (56)- (58) gives the approximate eld set through inverse quartic terms: 
The rst term of each eld component comes from sums over spherical Bessel functions, and all other terms come from sums over spherical Neumann functions. Although the transcendental propagation term is exact only if L is in nite, the positive powers of ' converge so rapidly that L as large as 10 appears to be adequate to describe source behavior. 
POWER AND ENERGY EXCHANGE
The surface integral of Eq. (66) over a circumscribing sphere of in nite radius is nonzero only for products of spherical Bessel functions times spherical Neumann functions. Since all Bessel function terms are teledistant it follows that each surface power term contains at least one teledistant eld term. Although there are many products of two Neumann function terms, and all describe standing energy, since the surface integral is zero there is no energy exchange.
Using Eq. (66), the time-averaged power on the surface of limitlessly large radius ' =k is
Energy conservation requires time-averaged power to be independent of distance. This, in turn, requires energy to transfer from larger to smaller inverse powers of ' on its outward journey. Evaluation of the azimuth-directed portion of the Poynting vector through inverse quartic terms gives ‡NˆD ƒ 
At the equator, this power density is Cz-directed and equal to
Equation (69) shows that energy passes from the lower into the upper hemisphere; this and energy conservation show that energy that exits the source into the lower hemisphere swerves and passes into the upper hemisphere. While this analysis is for steady-state elds, since emission sources start and stop, actual wave trains have a nite length. With a nite wave train, calculated kinematic results are meaningful only for elds within a virtual sphere, centered on the active region, of radius equal to the length of the wave train. For a wave train of length l, where W is equal to the total radiated energy, F is the normalizing eld constant, and Eq. (67) is the expression for the surface power, W is equal to
A separate expression for the total output energy follows from Eq. (40): 
Each order term dominates over all lower orders. The positive value of Eq. (75) con rms that energy passes from the lower to the upper hemisphere; as the relative magnitudes of the terms change energy ow swerves and becomes fully z-directed. Presumably this is how energy conservation is accomplished in the eld. With a wave train of 40 wavelengths or more, emission is not a transient act and eld effects are dominantly steady-state ones. When the source is terminated the outermost portion of the wave train is nearly collimated and the ratio of transported energy to transported momentum is slightly greater than c. Since the transient solution is not available, whether the transient elds change the nearequality with c to an exact one is unknown.
SOURCE CONFIGURATION
For a plane wave to cause a high-energy-state atom to eject a photon, the surface incident-to-emitted eld intensity ratio during emission must equal the ratio of the eld expressions of Eq. (30) to those of Eq. (29). The eld intensity ratio per mode is equal to the Neumannto-Bessel function ratio times the far-eld modal eld magnitudes. With 4ka5 ½ 1 and acceptable eld magnitudes the ratio is large for dipoles and increases at least exponentially with increasing modal number. The modal dependence of the radial eld expansion for small sources is
We ask if there are physical mechanisms by which such a ratio might be obtained.
To examine a possible source of radiated eld modes consider an occupied state that supports time-averaged current and charge densities throughout the source region: a sphere of charge for which ï ¡ J D 0. In Figure 3 an applied eld drives a dipole mode, as illustrated by the center arrow. The smaller arrows illustrate two current options. Some charge terminates on the edge of the source, generating an electric octupole eld. The interior charge structure drives continuous current loops that generate a magnetic quadrupole eld. As long as source constraints permit the charge density to be further subdivided in this way, each current path produces a similar set of higher order modes. The result is that an oscillating electric dipole moment drives all odd-order electric multipolar moments, TM elds, of the same degree and all even-order magnetic multipolar moments, TE elds, of the same degree. If the same region contains a dual magnetic charge distribution, the result is creation of all evennumbered TM modes and all odd-numbere d TE modes of the same degree.
Changing from individual charges to a charge density permits changing calculation techniques from sums over individual charges to volume integrals over charge distributions. The former is much more dif cult to accomplish than the latter. Electric charge density may be used in local neighborhoods where the charge distribution is ne enough that it may be considered to be continuous within differential elements. Although the discussion associated with Figure 3 shows no lower limit to the possible size of current eddies, the approach is valid if and only if the charge density is a continuous function of position. 21 We conclude, therefore, that the above arguments are valid to the smallest scale of dimensions for which the use of charge density is justi ed.
FIELD STRESS
Consider the pressure on a spherical shell of radius a that supports a uniformly distributed charge of ƒe centered about a point charge of Ce. By Coulomb's law the electric eld intensity outside the shell is zero and just inside the shell is
By the electromagnetic stress tensor the surface pressure is
The pressure varies as the inverse fourth power of the radius of the radiating shell, and the positive sign indicates that the pressure is directed toward the eld, in this case inwardly. If the radius is n times the radius of the rst Bohr radius, 5029 £ 10 ƒ11 m, the inward pressure is
Next, let the shell contain no sources or elds, but let the exterior surface support the surface charge and current densities that generate the elds of Eqs. (61)- (64). To calculate the pressure we de ne the phase of transcendental functions on the surface of a spherical shell of radius a to be ê where
Matrix element T rr accompanying Eqs. (61)- (64) is 
The azimuth angle dependence shows that the tensor rotates around the z axis twice in each eld cycle. The magnitude of coef cient˜F 2 =2 follows from Eq. (74) and, in the mid-optical range of ‹ D 500 nm, is There is no pressure on the negative z axis. The total pressure on the positive z axis pressure is constant, compressive, and equal to Figure 4 shows a plot of total radiation pressure versus zenith angle at the surface of a virtual radiating sphere with radius equal to 1,500,000 Bohr radii, where L=4ka5 û 1. At the surface of this very large source the teledistant eld terms are dominant. The largest pressure, ƒ308 £ 10 ƒ11 Pa, occurs on the positive z axis. It is the mechanism by which the radiation exerts a backward force on the radiator, in accordance with Newton's second law of motion. At this radius the radiation reaction pressure is greater than the Coulomb pressure by a factor of about 160,000. We conclude that this radiation reaction pressure dominates the dynamics of a large spherical source producing the elds of Eqs. (61)-(64). The same surface pressure is shown in Figure 5 . It is in Fig. 5 . L=4ka5 D 1, partial three-dimensiona l view of total pressure versus zenith angle. A three-dimensiona l Mercator projection of total radiation pressure on the surface of a radiating sphere with a radius equal to 1,500,000 Bohr orbits due to the elds of Eqs. (61)-(64) . Negative values are compressive . three-dimensional form, but, for better viewing, it is limited to half the full azimuth angle. The z axis indicates both magnitude and direction. Figure 6 shows a plot of the electric eld portion and is exerted on electric charge densities only. The maximum negative pressure is the Cz-axis value of ƒ109 £ 10 ƒ11 Pa. The maximum positive pressure occurs atˆD 67 , where it oscillates between equal values of compression and expansion. Continuing, Figure 7 shows three-dimensional plots of the same electric pressure magnitudes. The upper lobes are compressive and the lower lobes are expansive.
Although our self-consistent eld calculations were truncated at the inverse fourth power of the radius, details show that continued iterations produce polynomials consisting of trigonometric functions multiplied by 4L=ka5 2`, where`is a positive integer. All multiplying coef cients increase rapidly with increasing values of`and are of the same order as Eq. (76). Near the outer edge of the original wave train, where the L=ka ratio is on the order of 1 for small sources, only the teledistant elds are signi cantly large. Moving inward, as the radius decreases terms with larger values of`become dominant, until the radius of the radiating region is reached. Figures 8-11 show equivalent data at the surface of a radiating sphere of radius equal to one Bohr radius. Figure 8 shows the total radiation pressure versus zenith angle at the surface of a virtual radiating sphere with a radius of one Bohr radius. The maximum pressure magnitude of 900 £ 10 12 Pa is expansive and occurs at zenith angle 67 . At this distance the ratio of the maximum expansive pressure due to the elds of Eqs. (61)-(64) to the compressive pressure due to the Coulomb force is approximately 77,000. We conclude that the size of the radiating eigenstate electron surely undergoes a nova-like expansion in the upper hemisphere. The maximum compression is ƒ402 £ 10 12 Pa and occurs at a zenith angle of 112 ; although expansion of the upper hemisphere is expected, compression is against other atomic forces and compression is less signi cant. A three-dimensional projection is shown in Figure 9 . As was the case with Figure 5, the z axis indicates both magnitude and direction. Positive values represent pressure in the direction of the radiation and vice versa. Figure 10 shows a plot of electric radiation pressure versus zenith angle at the surface; the pressure swings from positive to negative as a function of time like a bellows. Figure 11 is a three-dimensional Fig. 9 . L=4ka5 D 115001000, Mercator projection of total pressure versus zenith angle. This is a three-dimensiona l Mercator projection of the total radiation pressure on the surface of a radiating sphere with a radius equal to one Bohr radius. results do not depend upon the particular set chosen. Large radiation reaction-to-Coulomb pressure ratios are obtained for any reasonable choice of examples. The physical origin of the radiation reaction pressure is the standing energy elds that accompany energy exchanges by electrically small radiators. Although a plane wave has the same modal symmetry and phase as the photon it ultimately produces, the magnitudes of the high-order modes are far too small for them, acting alone, to permit the generation of a photon. Loosely speaking, the coef cient magnitudes in a plane wave decrease exponentially with increasing modal number, and the coef cient magnitudes in a photon increase exponentially with increasing modal number. Quite differently, the radiation reaction pressure due to standing energy produces driving elds with appropriate values of symmetry, phase, and magnitude. We conclude, therefore, that atomic transitions consist of a nonlocal, eigenstate electron that is regeneratively driven by the standing energy eld; the transitioning electron occupies a turbulent region of space that, in the upper hemisphere, may be physically larger by orders of magnitude than the usual size of nascent atoms. During the transition, the Manley-Rowe power-frequency relationships apply to the electron, but the linear equations of Schrödinger and Dirac do not. 21 
PHOTON ABSORPTION
The question remains as to how the emission and absorption processes can be reversible. Consider the eld structure (84), between the emission and absorption processes, is the phasing difference between the Bessel and Neumann functions. The regenerative eld buildup acts on Neumann terms only and is identical for emission and absorption. The relative magnitudes of the absorbed kinematic properties are those of Eq. (40), and, therefore, the emission and absorption processes are reversible, as Boltzman, Planck, and Einstein pointed out they must be.
The regenerative buildup is for the relative magnitudes and phasing of absorbed or emitted power, not scattered power. Scattering occurs only in the classical sense and plays no role in the processes discussed here. Therefore, although scattering occurs, it occurs independently and not in conjunction with this equation set.
CONCLUSIONS
As noted earlier, 21 any radiating object sits in a standing energy eld of its own making. Even at the shortest wavelengths for which antennas have been made, if the antenna length-to-wavelength ratio is too small the standing eld energy is so large it essentially shuts off energy exchange. The effect 16 was rst quanti ed for an electrically small antenna in 1948. Yet an atom in the act of exchanging electromagnetic energy may be scaled as an electrically short antenna, and standing energy is ignored in quantum mechanical explanations, seemingly without consequence. Why, in one case, the energy is dominant and, in the other, it plays no role has been a mystery. The framers of the historic interpretation of quantum mechanics could not have accounted for the standing energy, since the rst analysis of it was published more than twenty years after the interpretation was accomplished. Radiation onset by a point electron as it enters an eigenstate generates a dipolar standing energy eld. The radiation reaction produces an expansive force on the electron of the same magnitude as the binding Coulomb force. This is a large force that has not been considered previously; we postulate that it transforms the electron into an extended, nonradiating, eigenstate electron in stable, dynamic equilibrium. Such an eigenstate electron is an ensemble consisting of a statistical distribution of evolving charge and current densities. For example, interaction between the electron and orbital magnetic moments results in a continuous torque on what might otherwise be a xed orbital circuit of current. Like other statistical distributions, this one eventually takes on all possible forms for time periods proportional to their probability of occurrence.
Since evolution of the electronic picostructure is not instantaneous, a time delay may occur after the application of an external eld before a response is evident. We postulate that emission from a high-energy eigenstate begins after the structure evolves to that needed to generate TE and TM dipole radiation elds with the orientation and phase of Eq. (30). Since the duration of the delay depends upon the initial electron picostructure, it is statistical in nature. At some point the ensemble forms the necessary structure and radiation begins. Once begun, the radiation reaction force increases and drives the source modes regeneratively. The resulting electromagnetic elds produce photon exchange without further delay.
Full directivity is approached with a single source that produces elds composed of the appropriate modes. A three-dimensional plot of the electric radiation reaction pressure on a rigid radiator of radius a at the phase of maximum extensive pressure is shown in Figure 12 . This extensive pressure is thousands of times larger than the Coulomb attraction pressure.
Since source buildup is nonlinear, the Manley-Rowe equations correctly predict the observed power-frequency relationships. The nonlinearity voids any possibility of describing the process with equilibrium equations, such as the Schrödinger time-dependent equation or the Dirac equations; no linear equation can describe such events. The time-dependent Schrödinger equation describes nearequilibrium characteristics that are applicable over times that are long compared with rates of change of the electronic ensemble. It describes events leading up to the transition, and it describes events after the transition, but it does not describe events that occur during the hiatus between equilibrium periods. Of course, a necessary underlying axiom is that the structure of high-order multimodal moments is permitted by electron nonlocality.
The steady-state electromagnetic elds give the anticipated eld values of photons on the z axis yet, at least conceptually, can arise from a vanishingly small source. Resulting photons reversibly exchange, during absorption and emission, the known energy and momenta of photons; this satis es the reversibility requirement of Boltzman, Planck, and Einstein. Both Planck 1 and Einstein 3 wrote that classical electromagnetics requires emission to occur with no change in the momentum of the emitter and strongly imply that absorption is accompanied by a momentum change of W =c. By our analysis, the kinematic ratios for absorption and emission are equal, and, in both cases, the exchanged energy-to-momentum ratio is c41 C 1=L5, where L is a large number. Equation (30) supports the correct order singularities per mode at radius a and the correct eld values at , and the correct photon kinematic ratios. We conclude, therefore, that these resonant elds, in which emission and absorption require four modes per order, are uniquely those of photons. Although with these results classical electrodynamics is suf ciently general to fully describe photons, in a sense the results only reformulate the radiation problem. The descriptive elds require large-magnitude, high-order moments that traditionally are impossible to produce. However, we also show that resonant, nonlinear, regeneratively responding regions, such as nonlocal eigenstate electrons, react to applied elds by generating the needed multimodes. These results follow from the remarkable and unique characteristics of the recursion relationship of Eqs. (14) : 819 The series representations of the sums S nm over all terms with positive powers of ' on the §z axes and in the xy plane converge rapidly to transcendental functions. Details may be seen in the derivations of Eqs. (A1.7), (A2.9), (A2.10), (A2.11), (A3.5), and (A4.6) of the Appendices. 829 For each S nm , the`th term in the expansion results from only the`th mode; That is, in each sum the`th modal term produces the magnitude and phase of the`th term in the expansion for the transcendental functions. 839 Since in the xy plane sums S nm do not converge for negative powers of ', each series must terminate. All orders contribute to all terms in the series, and term magnitudes are proportional to positive powers of L. The elds have the needed magnitudes and phases to nonlinearly and regeneratively drive a radiating ensemble to produce the elds of Eq. (30) or (84).
The photon energy is highly directed during emission, and after emission the total energy remains xed with time. However, without knowledge of the transient associated with emission cessation we do not know whether the energy packet expands laterally or remains xed in diameter.
APPENDICES
Appendix A1: Sum S 1 on the Coordinate Axes Direct evaluation of sums over spherical functions is possible on the coordinate axes. By de nition, the expression for sum S 1 is
Since associated Legendre polynomials of degree one are proportional to sinˆ, the sum is zero on both positive and negative z axes:
AtˆD =2 the series form of the Legendre function is
The Kronecker delta function, with n representing the full eld of integers equal to or greater than zero, shows that the function vanishes for even-numbered modes. Combining Eqs. (34), (47), and (A1.3) gives
Lower limit`o3 1 indicates that the sum is over only odd values of`and starts with one. Since only odd modal orders contribute to the sum, sums S 11 and S 12 contain, respectively, only odd and even powers of ' : 42`C 154`5WW4ƒ15 For negative powers of ' , the series diverges and, therefore, must terminate. With the coef cients of all higher order modes equal to zero, the series is equal to 
Since each term approaches unity as the modal number increases, A 0 is proportional to L. Very nearly, for L much larger than 1:
For the special case n D ƒ2, the series is equal to
A 2 is proportional to L 3 . Since a term-by-term expansion shows that A n º L nC1 , the sum, evaluated at the equator, is equal to
where
Combining with the values of Table IV gives
Each coef cient A n contains contributions from all modal orders. In summary, only negative powers of ' are present in the eld and in energy associated with the radial eld component. The energy is therefore localized to the source region. 
Both even-and odd-numbere d modes are present; even values of`produce odd powers of ' and vice versa. The upper term contains only positive powers of ' , and the lower term contains both positive and negative powers; the upper-term powers range from (`ƒ 15 toˆ, and the lower-term powers range from ƒ4`C 15 to 4`ƒ 35. Next, let n be a positive integer and determine the coefcient of ' n . For this purpose it is convenient to separate Eq. (A2.3) into sets of different parity:
The notations`o3 n C 3 and le3 n C3 indicate, respectively odd and even, beginning at n C3. The upper of the § signs applies atˆD 0 and the lower atˆD . De ning S 32 to be the top row of Eq. (A2.4) and expanding the series results in n even,`odd. Inserting Eq. (A2.6) back into Eq. (A2.5) gives n even, odd.
For the special case n D 0, Eq. (A2.7) goes to i=2 and for n D 2 it goes to ƒi=4. Repeating for all even values of n equal zero or more, then summing, gives n even,`odd:
Repeating the procedure for the opposite parity, then summing, gives n odd,`even:
The coef cients of negative powers of ' appear only in the second sum of Eq. (A2. All terms except the last one are equal to zero, for both parities; individual modes contribute nothing to the eld and are not affected by them, as long as the relationship of Eq. (14) is maintained through term L ƒ 2. If that relationship is disturbed, the disturbing mode will create a eld with a large value of standing energy, and that energy generates a radiation reaction force that reduces the eld, minimizing the energy and maintaining Eq. (14) . This leaves the last terms of each parity as series remainders. Axial values of all sums are shown in Table V . If n increases by 1 the power of L increases by 2. Combining equatorial values for both positive and negative exponents gives
(A3.10)
The sums show that each mode contributes just the correct amount so the entire set of positive powers of ' is expressed by transcendental functions; this is a unique property of the recursion relationship in Eq. (14) . Evaluation of the special cases n D 1 and n D 3 gives
Extending the evaluation to all positive values of n and then summing over positive power gives
The reduction of the sum to this simple form is a unique property of Eq. (14) . To examine the coef cients for negative powers of ' , de ne the coef cients:
Combining Eq. (A4.7) with Eq. (A4.4) shows that
42`C 154`ƒ 15WW 4`5WW 4`C n ƒ 25WW 4`ƒ n C 15WW (A4.8)
Evaluation of the rst term gives
With each succeeding increase in n, the power of L in the approximate equality increases by 2. The total value of the sum is equal to the sum of positive and negative powers:
C n ' n and
(A4.10)
